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Abstract 

For analytic nonlinear systems of ordinary differential equations, 
under some non-degeneracy and integrability conditions we prove that 
the formal exponential series solutions (trans-series) at an irregular 
singularity of rank one are Borel summable (in a sense similar to that 
of Ecalle) . The functions obtained by re-summation of the trans-series 
are precisely the solutions of the differential equation that decay in a 
specified sector in the complex plane. 

We find the dependence of the correspondence between the solu- 
tions of the differential equation and trans-series as the ray in the 
complex plane changes (local Stokes phenomenon). 

We study, in addition, the general solution in L\ oc of the convo- 
lution equations corresponding, by inverse Laplace transform, to the 
given system of ODE's, and its analytic properties. 

Simple analytic identities lead to "resurgence" relations and to an 
averaging formula having, in addition to the properties of the medi- 
anization of Ecalle, the property of preserving exponential growth at 
infinity. 



1 Introduction and main results 

We consider an n-dimensional, rank one, level-one vector differential equation 
in a neighborhood of an irregular singularity, say x = oo. We assume that the 
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Stokes lines are simple. In normalized form (see [7j, ^T] ), such an equation 
can be written in the form 

y' = f (x)-Ay--By + g(x,y), y G C\ (1.1) 
x 

(The reason to separate out the second and third term on the r.h.s. of 
(jl.lj) is that they play a special role in the asymptotic behavior of the solu- 
tions). 

The functions £ i— ► fo(£ -1 ) and (£, y) i— > g(£ _1 , y) are taken to be analytic 
for small arguments. The normalization can be chosen so that fo(x) = 0(x~ 2 ) 
for large x, and, by construction, we have g(x, y) = 0(\y | 2 , x~ 2 y)- 

A and -B are n x n matrices with constant coefficients. We assume that 
A is invertible and that the ( "non- resonance" ) condition argAj 7^ argAj, for 
j 7^ i, A G spec A, is satisfied. 

By a change of variables we can then arrange that A is diagonal, A = 
diag{Aj} with argAj > argAj for j > % and make Ai = 1. The matrix B can 
be diagonalized at the same time |TT] . 

To simplify the analysis we assume further that 3?(/3) > where (3 = B\\. 
Through normalization we make 

K(/3)G(0,1] (1.2) 

We are interested in the study of the solutions of (jl.lj) that are decay- 
ing for large x, in one of the half-planes ^t{xe~ l( ^) > with cf) G (argA n — 
27r,argA2). These solutions have the same asymptotic behavior at large x, 
described by a (typically divergent) power series 



y( x )~y = ^^M _, oo ; ft (are-**) > const > 0) (1.3) 

k=2 

For instance, all the solutions of the equation y' + y = x~ x have the property 
y(x) ~ J2'k ) =o klx^" 1 as x — > 00. If (j) 7^ there is only one solution of (jl.l|) 
satisfying (jl.Hj) . A much more interesting case is when we take = 0. Then, 
as it is known (and will also follow from the present paper) there is a one 
dimensional manifold M + of solutions of (jl.lj) such that (jl.3j) holds. The 
manifold M + of all formal solutions which decay in the half plane 9fcc > 

00 

y = yo + ^^e-^y fc (1.4) 

k=l 
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also has one free parameter, C G C. In (jl.4|) . y^, k > 0, are formal power 
series and y is an instance of a trans-series. In our example y' + y = x^ 1 , y = 
Sfclo k\x~ k ~ l + Ce~ x . See Section 121)1 a heuristic construction leading to 
trans-series solutions and for references. 

The series y^ satisfy the system of differential equations 

yd + f A + ^Bj yo = fo(x) + g(x, y ) 

y' k + (a + \b - k - dg (x, yo) ) yk = y: e n n^v >< 

^ ' |1|>1 Sm=fe i=l j=l 

(1.5) 

where g (1) := <9 (1) g/<9y\ (dg)y k := J2i=i(yk)i{dg/dyi), and ^Sm=fc stands 
for the sum over all integers m^j > 1 with 1 < % < n, 1 < j < Li such that 

J2i=i Y^j=i m i,j = k- Because niij > 1, J2 m i,j = k (fixed) and card{mjj} = 
the sums in (jl.5j) contain only a finite number of terms. We use the 
convention Ylie® = 0- ^fi e s y s t em f|l-5|) is derived in Section 12.61 

Starting with k = 1 the equations (|1.5J) are linear. Note that the inho- 
mogeneous term in these linear equations is zero for k = 1, and for k > 1 it 
involves only y n with n < k. 

While some connection between y and actual solutions of (jl.ljl is given 
by (|1.3|) . the interpretation of (|1.4j) is less immediate, since generically all 
the series involved are (factorially) divergent and "beyond all orders of each 
other". The interest in trans-series is motivated partly by their formal sim- 
plicity compared to the vast class of differential equations that they "solve" 
and by the fact that they can be algorithmically found, once the equation is 
given. Finding the connection between formal expansions and true solutions 
is the object of exponential asymptotics, a field that has been growing con- 
stantly, especially after the pioneering works of M. Berry, J. Ecalle and M. 
Kruskal. 

The formalism of generalized Borel summation as well as the theory of 
trans-series, in a very comprehensive setting, were introduced by Ecalle pQ, 

0, m 

For the problem (jl.ljl — (J1.3J) . we prove that there is a one-to-one natural 
correspondence between actual solutions y and the trans-series y (J1.4J) . 

We show that the general solution of (Jl.ljl . (J1.3J) is obtained by replac- 
ing each formal series in (J1.4J) by its Borel sum which gives a one-to-one 
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correspondence between the formal solutions (trans-series) and the actual 
solutions of (fTTTjl . (OJ) : 



y = yo + ° ke ~ kx yk <— + X] c fc e - fca x^y fc = y (1.6) 
fe=i fc=i 

The Borel summation operator, LB will be defined precisely. The function 
y G M + is convergently defined by (jl.6|) for large x. The left arrow in 
()1.6p means that C^B^fk(x) ~ Yk{ x ) f° r x ^ oo. The exact statement 
corresponding to (jl.6|) is given in Theorem |21 

We study in detail the features of the representation and the prop- 
erties of the objects involved. The technique that we use differs from that 
°f [I]- and leads to new results. In particular we obtain for the Borel 
transform of the formal series solutions of differential systems an averaging 
formula, having, as the medianization of Ecalle the quality of preserving re- 
ality and of commuting with convolution, but involving a smaller number 
of analytic continuations and in addition satisfying the condition of at most 
exponential growth at infinity. 

For m > 1, the inverse Laplace transform of x~ m is 

cr x x- m = p m -Vr(m - 1) = Bx~ m 

The Borel transform B of a formal series 

oo 

y = x r Y,ytx-\ r e (0,1) (1.7) 
fe=l 

is by definition the formal series gotten by taking C~ l term by term: 

oo ~ 

By = Y:= 1 ,-^ f p^ (1.8) 

A priori Y is still a formal series. If it has a nonzero radius of convergence, 
then it generates an element of an analytic function which we will denote, 
all the same, by Y. 

A formal series y is Borel summable in the classical sense along a ray $ 
(the direction of which is given by the angle 0) if the following conditions 
are met: 
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1) The series Y has a nonzero radius of convergence; 

2) Y can be analytically continued along the ray and 

3) The analytic continuation Y grows at most exponentially along the 
ray and is therefore Laplace transformable along $. 

The Laplace transform along that ray of Y, C^Y, is well defined and gives 
the so called Borel sum of y. We prove that the conditions 1 through 3 are 
met by Bfk, k > 0, away from the Stokes rays, i.e., if 4> ^ arg Aj, Aj Gspec A. 

Of all the formal solutions (|1.4|) . only the one with C = (formally) 
decays in a half-plane, if the half-plane is not centered on the real axis. On 
the other hand, £</,£>yo turns out to be the only solution of fjl.ip . ()1.3|) which 
decays in the same half-plane centered on $. Borel summation associates 
uniquely a true solution to Y . 

The situation is more complicated and more interesting along Stokes rays 
(we focus on one of them, $ = IR + ). Condition 2) above is violated and, 
generically, the functions Y& have an array of branch points along R + . If we 
reinterpret 2) and consider paths that avoid the singularities then first of all, 
analytic continuation is (a priori) ambiguous. What is worse, the Laplace 
transform of such analytic continuations of Y are, typically, not solutions 
of (jl.lj) (see Section |A.2|) . However, Laplace transforms of (a one-parameter 
family) of suitable weighted combinations of analytic continuations of Yo are, 
as we will prove, solutions of If we require in addition that real series 

are Borel-summed to real-valued functions then one of weighted average of 

analytic continuations appears as more natural (see also Theorem |S] below) . 

* 

To define the Borel transform along the Stokes line M + we construct a 
suitable space of analytic functions. Let (fi + = arg A2, 4>- = 2n — arg A n , and 

Wi := {p : p & NU {0} and arg p £ (—0-, <fi+)} (1.9) 

(Fig. 1), a sector containing only the eigenvalue Ai = 1 and punctured at 
all the integers (where the functions Byt are typically singular; if n = 1 the 
condition on the argument is dropped). We construct over Wi a surface TZi, 
consisting of homotopy classes of curves starting at the origin, going only 
forward and crossing the real axis at most once: 

Tlx := 1 7 : (0, 1) ^ Wi s.t. 7(0+) = 0; 3? (7(f)) increases in t and 
= 9f( 7 (t 1 )) = 9f( 7 (* 2 ))=^t 1 = * 2 } 
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(1.10) 

modulo homotopies. Let also 

V := C\ U™ =1 {a\i : a > 1} (1.11) 
be the complex plane without the rays originating at the eigenvalues Aj of A. 




Fig 1. The region VVi. TTie dotted line is one of the paths that generate 1Z\. 



Using notations similar to those of Ecalle, we symbolize the paths in 1Z\ by 

a sequence of signs ei, .., e^, .., e n , €j = + or — . For example, h = — 4 + 

will symbolize a path in TZi that crosses the real line from below through the 
interval (4, 5), and then goes only through the upper half-plane (Fig.l); 
is a path confined to the upper half plane, etc. The analytic continuation of 
a function Y along the path — 4 + will be denoted Y~ + . 

The result below gives a first characterization of the analytic properties of 
Byt- (In the following, we choose the determination of the logarithm which 
is real for positive argument.) 

Proposition 1 i) The function Y := £>yo is analytic in T> and Laplace 
transformable along any direction inD . In a neighborhood of p = 1 

v (n) _ J ^(1 - A(P) + B(p) for ? 1 
0{P) \ Sp\n(l -p)A{p) + B{p) for (3 = 1 K > 

(see hl.ty ). where A, B are (<C n -valued) analytic functions in a neighborhood 
ofp = 1. 
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ii) The functions Y^ := By k , k = 0, 1, 2, .. are analytic in 1Z\. 
Hi) For small p, 

Y (p) = pAo(p); Y fc (p) = p^Akip), k— 1,2, .. (1.13) 
where A k , > 0, are analytic functions in a neighborhood of p = in C. 

ii^ 7/5/3 = tnen Y^, /c > 0, are analytic in Wi U N. 

T/ie analytic continuations ofY^ along paths in 1Z\ are in L} oc {K + ) 
(their singularities along M + are integrable). The analytic continuations of 
the Yfc in 7£i can 6e expressed in terms of each other through "resurgence" 
relations of the type: 

S k p Y k = (Y -Y " + )or,, on (0,1); (r a := p ^ p - a) (1.14) 
relating the higher order series in the trans-series to the first series and 

Yr + = Yj + f:(*^')^Y^or, (1.15) 



5/3 is related to the Stokes constant 5 by 

iS 



5,= 2 sin(7r(l - /3)) 
1 — for = 1 



for (3 ^ 1 



The Borel transformability of the principal series yo has been considered 
for general systems of differential equations, allowing for resonances (see 

DIET). 

Let Y be one of the functions Y& and define, on M + n 1Z\ the "balanced 
average" of Y: 

oo 

Y ba = Y + + J2 2- k (y~ - Y- fc_1+ ) H o r k (1.16) 

k=l 

(Ti, is Heaviside's function). For any value of the argument, only finitely 
many terms (jl,16|) are nonzero. Moreover, the balanced average preserves 



7 



reality in the sense that if (jl.lj) is real and yo is rea l then Y ba is real on 
M + — N (and in this case the formula can be symmetrized by taking 1/2 of the 
expression above plus 1 /2 of the same expression with + and — interchanged) . 
Equation ()1.16|) has the main features of medianization (cf. |2j), in particular 
(unlike individual analytic continuations, see Appendix IA.2|) commutes with 
convolution (cf. Theorem EJ). As it will become clear, the advantage of 
the definition (|1.16|) is that Y ba is exponentially bounded at infinity for the 
functions we are dealing with. 

Let again y be one of y^ and Y = By. We define: 

C^By := ^Y = ih / Y(p)e~ px dp if $ ^ R + 

Jo 

/•oo 

£ By := C Y = x i-y / Y ba (p)e- px dp if $ = R + (1.17) 

Jo 

The connection between true and formal solutions of the differential equa- 
tion is given in the following theorem: 

Theorem 2 i) There is a large enough b such that, for dt(x) > b the Laplace 
transforms £<f,Y k exist for all k > and G (— 0_, + ) ; cf. M.9) . 
For G (— 0-, 0+) and any C the series 

oo 

y(x) = (£ i3y o )(x) + ^C fc e- b (£^)(x) (1.18) 

fc=i 

is convergent for large enough x in the right half plane. 

The function y in M.lty) is a solution of the differential equation M.l\) . 

Furthermore, for any k > we have C^Bfk ~ y k in the right half plane 
and C^Byt is a solution of the corresponding equation in M.bl) . 

ii) Conversely, given cf), any solution of M.l)) having y as an asymptotic 
series in the right half plane can be written in the form M.lfy) . for a unique 
C. 

Hi) The constant C, associated in ii) with a given solution y of M.l)) . 
depends on the angle 0: 

( C(0+) /or0>O 
C(0) = { C(0 + )-±S p for = (1.19) 
[ C(Q+) -S p for < 

(see also M.lty) ). 
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Note that by (|1.19|) the change in the correspondence (J1.6J) occurs when 
the Stokes line arg x = is crossed. This is a local manifestation of the Stokes 
phenomenon (0, jZj, jH])- 

** 



Next, we study the correspondence between the solutions of the differen- 
tial equations (jl.ljl . (jl.27j) . their formal solutions and the solutions of the in- 
verse Laplace transform of these equations, which, in the transformed space, 
are convolution equations. 

With the convolution defined as 

f*g:=P» f P f(s)g(p-s)ds (1.20) 
Jo 

we have, as is well known, C(f * g) = C(f)C(g), C(—pf(p)) = C(f(p)) f . (See 
Section TA. 31 for a few more useful formulas.) In (jl.ljl we write 



g(r 1 ,y) = Esi^)y I= E ZrniCy 1 m < £ , |y| < vo) (1.21) 

|1|>1 m>0;|l|>l 

where by construction go,i = gi,i = if |1| = 1 and the notation z 1 means 

Z l- Z n 

and |1| = li + ..+l n . The formal inverse Laplace transform of g(x, y(x)) 
is given by: 



c- 1 E y^ 1 E ^x- m = J2 G > * Y *' + E ^y* 1 =: (i-22) 

|1|>1 \m>0 / |1|>1 |1|>2 

where 

oo m—1 

Gi(p) = g^i^-p (Gi,i(0) = if |1| = 1) (1.23) 
^— ' m! 

m=l 

d * Y* 1 G C"; (Gi * Y* 1 ), := (G^ * Y* h * .. * Y* 1 " (1.24) 
The inverse Laplace transform of (jl.lj) is the convolution equation: 



-pY(p) = F (p) -AY(p) -5 / Y(s)ds + JV(Y)(p) (1.25) 

9 



(see (jl.22|0 where, since fo(x) = 0(x 2 ), 

F (0)=0 (1.26) 
By transforming (|1.5jl we get, similarly: 

(K-p-k)Y k (p) + B Y k (s)ds-J2 (Y k ) j (s)T> j (p-s)ds = 

Jo j=1 Jo 

n k 

E di * e *n*fi( Y «»«)*= :R *(p) (* =i ' 2 .") ( l2t ) 

1|>1 Sm=fc 8=1 j=l 

with d m := £ _1 (g( m )(ar,y )/m!), := £ _1 (9g(x, y )/Qyj) and * J] stand- 
ing for the convolution product. 

For a given ray $ we consider the equations (jl.25j) and (jl.27|) in L} oc {$). 
When $ is not a Stokes line, the description of the solutions is quite simple: 

Proposition 3 i) If $ is a ray in T>, then the equation \1.2ty has a unique 
solution in L} oc ($), namely Y = £>yo. 

ii) For any ray in Wi, the system \1.2di) . \1.21 ) has the general solution 
solution C k Y k = C k By k , k > 0. 

The more interesting case $ = 1R + is dealt with in the following theorem: 

THEOREM 4 i) The general solution in L / 1 oc (R + ) of the equation \1.2bl) can 
be written in the form: 

oo 

Y c {p) = E ckY k(P - - k) (1.28) 

k=0 

with C G C arbitrary. 

ii) Near p = 1, Yc is given by: 

YM-l S ^ ~ P^'Mp) + B(p) for p < 1 

Y C (p)-| C (l-p)^A(p)+B(p) forp>\ [(3 ^ l) (L29) 



, S p ln(l - p)A(p) + B(p) /or p < 1 

; ' 1 (^ m(l - p) + C)A(p) + B(p) forp>\ KP ' 
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where A and B extend to analytic functions in a neighborhood of p = 1. 

Hi) With the choice Y = Yq ; the general solution of \1.21\j in L / 1 oc (M + ) 
is C k Y b k a , k E N. 

Comparing (|1.29|) with (|1.12|) we see that if S 7^ (which is the generic 
case) the general solution of (|1.25|) can be written on the interval (0, 2) as a 
linear combination of the upper and lower analytic continuations of £>yo: 

Y c = A C Y+ + (1 - X C )Y (1.30) 

Finally we mention the following result, which shows that the balanced 
average, like medianization [2|, commutes with convolution. 

Theorem 5 If f and g are analytic in 1Z\ then f * g extends analytically in 
1Z\ and furthermore, 

(f * g) ba = f ba * g ba (i.3i) 

As a consequence of the linearity of the balanced averaging and its com- 
mutation with convolution, if ti )2 are the trans-series of the solutions fi i2 of 
differential equations of the type considered in the present paper (cf. (|1.6Jl ). 
and if CBt 12 = fi,2 then 

CB (a^ + 6t 2 ) = afi + 6f 2 (1.32) 
Moreover, what is less obvious, we have for the component-wise product 

£B(tit 2 ) = fif 2 (1.33) 

Borel summation is in fact an isomorphism between a sub-algebra of trans- 
series and a function algebra. 

2 Proofs and further results 

2.1 Outline of the proofs of the main results 

To show the results stated in the previous section, we first obtain the general 
solution in L} oc of the convolution system (jl.27|) in V and then, separately, 
on the Stokes line M + . We show that along a ray in T>, the solution is unique 
whereas along the ray M + there is a one-parameter family of solutions of 
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the system, branching off at p = 1. We show that any L\ oc soiution of the 
system is (uniformly in k) exponentially bounded at infinity therefore Laplace 
transformable and (by the usual properties of the Laplace transform) these 
transforms solve (jl.lj) . Conversely, any solution of (jl.lj) with the required 
asymptotic properties is inverse Laplace transformable, therefore it has to 
be one of the previously obtained solutions of the equation corresponding 
to k — 0. We then study the regularity properties of the solutions of the 
convolution equation by local analysis. 

Having the complete description of the family of Lj oc solutions we com- 
pare different ways that lead to the same solution and obtain interesting 
identities; the identities, together with the local properties of the solutions 
are instrumental in finding the analytic properties of Y^ in 1Z\. 

Key to the main proofs. The complete connection with Equation (jl.l6j) is 
established in Section |2~T1 For the remaining parts: Proposition^ i) follows 
from Proposition |B] and Lemma EOl h) and iii) follow from Proposition EH 
The proof of ()1.13|) is given in Remark and iv) is shown in Remark 0H1 
Part v) follows from Proposition EH and Proposition EE1 Theorem [H i) 
and ii) follow from Lemma IHfil and Proposition E21 iii) is Equation (J2.89)) . 
Proposition^ follows from Proposition Hand Lemma I^dI Theorem^ follows 
from Proposition EHJ Lemma |2H Proposition |^ The proof of Theorem [3] 
starts with Proposition and is continued after it. 

2.2 The convolution equation away from Stokes rays 

For any star-shaped set £ in the complex plane containing the origin (i.e., 
a region such that the origin can be connected with any other point in £ 
by a straight line segment contained in £) we denote by L ray (£) the set of 
functions which are locally integrable along each ray in £. 

Proposition 6 There is a unique solution of hi. 2^1 in L ray (D) (cf. hi. 11)) ) 
namely Y = By®. 

This solution is analytic in T>, Laplace transformable along any ray $ 
contained in V and £</,Y is a solution of hl.l)) . 

For the proof we need a few more results. 

Remark 7 There is a constant K > (independent of p and \) such that 
for all p G C and all\> 

IG^UKK^e^ (2.1) 
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for /I > max{£ 1 ,y (cf. HI. 21))) (\i\ A := m a xi . n {| /i|, .., |/ w |} is an Eu- 
clidean norm; for the definition of G see \1.2ty) . M. 21\) and M ■!)) )■ 

Proof. 

From the analyticity assumption it follows that 

|g mil | A < Const ii m+ ^ (2.2) 

where the constant is independent on m and 1. 
Then, by lfT23|» . 

\Gi(p)\ A < Const /J 1|+i eM ' Pl ~ 1 < Const ^ +1 e M 



□ 



Consider the ray segments 



$ D = { ae *4 :0< a <D} (2.3) 
and along $£> the L 1 norm with exponential weight 



\b,<S> 

and the space 



e-"W\f(p)\\dp\= f e-*\f{te»)\dt (2.1.) 



L\^d) := {/ : ||/|| 6 < oo} 

(if D < oo, L^($£>) = -^/oc^-d))- We mention the following elementary 
property: 

Remark 8 The Laplace transform £ is a continuous operator from L\(<&d) 
to the space of analytic functions in the half plane dt(x) > b with the uniform 
norm. 

□ 

Let fC G C be a bounded domain, diam (/C) = D < oo. On the space 
of continuous functions on /C we take the uniform norm with exponential 
weight: 

||/||«:=I>Bup{|/(p)|e-*l} (2.5) 
(which is equivalent to the usual uniform norm). 
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Let O CD, O 3 be a star-shaped, open set, diam(O) = D containing 
a ray segment Let A be the space of analytic functions / in O such that 
/(0) = 0, endowed with the norm (|2.5jl . 

Proposition 9 TTie spaces L\(<&d) o,nd A are Banach algebras with respect 
to the usual addition of functions and the convolution A1.2(J\) . Furthermore 



\\f*d\\b < 

\\f*g\\u< 
\\f*g\\u< 



b\\g\\ b (/,sei|N) 

u\\g\\ u (f,geA) 

u \\g\\ b (feC($ D ),geLl($ D ) 



(2.6) 



(D = oo is allowed in the first inequality). 
With F(s) := f(se^) and G(s) : = #(se^) we have: 



D 



dte 



-bt 



dsF(s)G{t - s) 



D r t 

-bt 



< / dte~ bt / ds\F(s)G(t - s)\ 



D r D-v 



JO 
D r D 



JO 



e- h{u+v) \F(v)\\G{u)\dudv < 
e- h ^")\F{v)\\G{u)\dudv=\\f\\ b \\g\\ b 



On the other hand, for f,gEAwe have / * g G A. Also, 



(2.7) 



f(s)g(p-s)ds 



o 



< 



||/*(/|| u = Dsupe- 6 W 
Dsup f P Ifite^^e^gip-te^^e'^-^ldt 



which is less than both ||/||«||^||« and ||/|| u ||<7| 



(2.8) 



□ 



REMARK 10 For f in A or f in L l b {§ D ), 

H/Htt.6-^0 as 6^oo (2.9) 

where \\\\ u ,b is either of the \\\\ u or \\\\h and D = oo is allowed in the second 
case. 
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For || Eq. (|2.9|) is an immediate consequence of the dominated conver- 
gence theorem whereas for |||| n it follows from the definition of A. 

□ 

Corollary 11 Let f be continuous along $>d, D < oo and g g L\{^o)- 
Given e > there exists a large enough b and K = K(e, $d) such that for 
all k 

\\f*g* k \\ u <Ke k 

By Remark ITU1 we can choose b = b(e, <3>£>) so large that \\g\\b < £• Then, 
by Proposition El and Eq. (|2.5j) we have: 



/ /(pe* - s)g* k (s)ds < D- l e b W\\f\\ u / e" fe VOOIH < 
Jo Jo 

D-^WfUgWt < K ^ 



□ 



Remark 12 By \2. for any b > /jl, and $ D C C, 5 < oo 

r°° n\ l \ 

\\GA\b < Ku} l \ / \dp\e^- b) = K^— (2.10) 

Jo O-fi 
where, to avoid cumbersome notations, we write 

fGiJ($D) iff PUke^D) (2.H) 

(and similarly for other norms of vector functions). 
Proof of Proposition \Q 

We first show existence and uniqueness in L ray (T>) which amounts to 
nothing more then existence and uniqueness along each $flCD. 

Then we show that for large enough b there exists a unique solution of 
(I1.25JI in L^($oo). Since this solution is also in L z 1 oc ($ oc ) it follows that our 
(unique) L\ oc solution is Laplace transformable. Analyticity is proven by 
finding the solution as a fixed point of a contraction with respect to the 
uniform norm in a suitable space of analytic functions. 
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Proposition 13 i) For $p6D and large enough b, the operator 



N l :=Y{p)^{k-p)- l \¥ {) {p)-B J Y(s)ds + N(Y)(p)j (2.12) 

is a contraction in a small enough neighborhood of the origin with respect to 
\\\\ u if D < oo and with respect to \\\\b for D < oo. 

ii) For D < oo the operator M given formally in hl.2ty is continuous in 
L* oc ($d). The last sum in converges uniformly on compact subsets of 

$i> A/ \L\ oc {<& £>)) C AC(§d), the absolutely continuous functions on $£). 
Moreover, if v n -> v in ||||6 on D < oo, then for b' > b large enough, 
jV(v n ) exist and converge in \\\\ b > to v. 

The last statements amounts to saying that M is continuous in the topol- 
ogy of the inductive limit of the L\. 
Proof. 

Since A and B are constant matrices, 



||M(Y)|| Ul6 < Const($) (||F |U,6 + ||Y|| Ui6 ||l|| 6 + ||JV(Y)M (2.13) 

As both ||l||b and ||Fo|| W) & are 0(6 _1 ) for large b, the fact that M\ maps a 
small ball into itself follows from the following Remark. 

Remark 14 Let e > be small enough. Then, there is a K such that for 
large b and all v such that ||v|| W) 6 =: 5 < e, 

||A/"(v)|U < K (b- 1 + ||v|| U)6 ) ||v|| u , 6 (2.14) 
By (|2.2|) and (|2.1(J|) . for large b and some positive constants Ci, .., C 5 , 



1|>1 |1|>2 



1| 

b 



oo oo 



sj E f-* m ^E+E) ^ m E 1 

V|1|>1 " 1|>2 / V m=l m=2 

- (t + ^) £ ^ m5W ( m + 4 ) n - (t + ^) ^ 

> ' m=l ^ ' 
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(2.15) 



□ 

To show that N\ is a contraction we need the following: 
Remark 15 

||hi|| := ||(f + h)* 1 - r l \\ < |1| (||f || + ||h||) |lhl ||h|| (2.16) 

where \\ \\ = \\\\ u or \\ \\ b . 

This estimate will be useful to us when h is a "small perturbation" . The 
proof of (|2.16j) is a simple induction on 1, with respect to the lexicographic 
ordering. For |1| = 1, ()2.16|) is trivial; assume ()2.16|) holds for all 1 < li and 
that li differs from its predecessor lo at the position k (we can take k = 1), 
i.e., (li)i = 1 + (lo)i. We have: 

II (f + h)* 11 - r h || = || (f + h)*'° * (fj + h x ) - r h || = 

IKf* 1 " + h l0 ) * (/! + ^0 -f* !i || = ||f* lo */i 1 + h Io */ 1 + h Io */i 1 || < 

||f||i Io i||h|| + ||h lo ||||f|| + ||h Io ||||h|| < 

||h||(||f||l lo l + |l |(||f|| + ||h||)N) < 

l|h||(|lo| + l)(||f|| + ||h||)' 10 ' (2.17) 

Remark 16 For small 5 and large enough b, Mi defined in a ball centered 
at zero, of radius 5 in the norms \\\\ u ,b is contractive. 

By (I2.13|) and (J2.14)) we know that the ball is mapped into itself for large 
b. Let e > be small and let f , h be such that ||f || < 5 — e, ||h|| < e. Using 
f!2.16|) and the notations (jl.25J) ()2.13|) and |||| = \\\\ u ,b we obtain, for some 
positive constants C\, .., C4 and large b, 



||M(f + h) - M(f) II < Cx|| [J2 §o,i ■ + E Gl * (( f + h ^ ~ **) II ^ 

\|1|>2 |1|>1 / 
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(e^wi^+EI 1 ^ 111 " 1 ) <(^- i + c 4 5)iihn 

\|1|>1 ^ |1|>2 / 

(2.18) 

To finish the proof of Proposition El take v G A. Given e > we can 
choose b large enough (by Remark 1X11)1 to make ||v|| u < e. Then the sum in 
the formal definition of M is convergent in A, by (|2.15|) . Now, if D < oo 
Lloci^n) = L\{$d) for any b > 0. If v n — > v in L\(§ D ), we choose e 
small enough, then 6 large so that ||v||(, < e, and finally no large so that for 
n > tiq ||v n — v||j, < e (note that ||||b decreases w.r. to b) thus ||v n ||& < 2e 
and continuity (in L\{^ D ) as well as in L z 1 oc ($ 00 ) = Ufe 6 $ oo L^(0, A;)) follows 
from Remark El Continuity with respect to the topology of the inductive 
limit of the L\ is proven in the same way. It is straightforward to show that 
N{L} oc {<$>)) c AC^). 

The fact that C^Yq is a solution of (jl.lj) follows from Proposition El 
from Remark |H1 and the elementary properties of £ (see also the proof of 
Proposition EH)- 

Since Y (p) is analytic for small p, (CY )(x) has an asymptotic series for 
large x, which has to agree with y since £Y solves (jl.lj) . This shows that 
Y = By . 

Remark 17 For any 5 there is a constant K 2 = K 2 (5, \p\) so that for all 1 
we have 

\Y*\p)\ A <K 2 5M (2.19) 

The estimates (j2.19j) follow immediately from analyticity and from Corol- 
lary El 

□ 

2.3 Behavior of Yq(p) near p = 1. 

Let Y be the unique solution in L ray (V) of (jl.25j) and let e > be small. 
Define 
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H(p) ^ I Y„(p) for pe^W < 1 - £ and h(1 _ p) ;= Yo(p) _ H(p) 

(2.20) 

In terms of h, for real z = 1 — p, z < e, the equation (jl.25|) reads: 

- (1 - z)h(z) = FiO) - Ah(z) + B J h(s)ds + W(H + h) (2.21) 
where 

•l-e 



F l (l-s):=F (s)-B [ H(s)ds 

Jo 



Proposition 18 i) For small e, H* ! (l + z) extends to an analytic function 
in the disk D e := {z : \z\ < e}. Furthermore, for any S there is an e and 
a constant Ki := Ki(5,e) such that for z G B> e the analytic continuation 
satisfies the estimate 

\H*\l + z)\ A < K x 5 l (2.22) 

Proof. 

The case |1| = 1 is trivial: H itself extends as the zero analytic function. 
We assume by induction on |1| that Proposition 1181 is true for all 1, |1| < / 
and show that it then holds for (e.g.) Hi * H* 1 , for all 1, |1| < I. 

H is analytic in an e-neighborhood of [0, 1 — 2e], and therefore so is H* 1 . 
Taking first z G M + , z < e, we have 

■ 1-2 /-l-e 



nl—Z pl—e 

/ fl'i(s)H* 1 (l-z-s)ds= / J ff 1 (s)H* 1 (l-^-s)rfs = 
Jo Jo 

f l/2 f l-e 

/ H x {s)W\l - z - s)ds + / H^s)!!* 1 ^ - z - s)ds (2.23) 

Jo J 1/2 



The integral on [1/2, 1 — e] is analytic for small z, since the argument of H* 1 
varies in an e-neighborhood of [0, 1/2]; the integral on [0, 1/2) equals 



pL-z / rl/z rl-e pl~z \ 

/ H 1 (l-z-t)H*\t)dt= [ + + ]H 1 {l-z-t)B.*\t)dt 

Jl/2-z Wl/2-2 Jl/2 Jl-e J 

(2.24) 
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In (I2.24|) the integral on [1/2 — z, 1/2] is clearly analytic in D e , the following 
one is the integral of an analytic function of the parameter z with respect to 
the absolutely continuous measure H* dt whereas in the last integral, both 
H* 1 (by induction) and Hi extend analytically in D e . 

To prove now the the induction step for the estimate ()2.22|) . fix 5 small 
and let: 



T) < 5; Mi : = max |H(p)| A ; M 2 (e) := max |H(p)| A ; e < — (2.25) 

\p\<l/2+e 0<x<l-e AMi 

Let K 2 := K 2 (r]] e) be large enough so that ()2.19|) holds with 77 in place of 5 
for realx G [0, 1— e] and also in an e neighborhood in C of the interval [0, 1/2+ 
2e]. We use (I2.19J) to estimate the second integral in the decomposition ()2.23|) 
and the first two integrals on the r.h.s. of (|2.24|) . For the last integral in ()2.24|) 
we use the induction hypothesis. If Ki > IK2 (2Mi + Mjj), it follows that 
|H* ! * Hi\ A is bounded by (the terms are in the order explained above): 



M 2 {e)K 2 rf + M 1 K 2 T} 1 + M x K 2 rf + {2e)M 1 K x 5 l < Ki5 l+l (2.26) 

□ 

Proposition 19 The equation \2.21\) can be written as 



h(s)ds-J2 / h j (s)B j (s-z)ds (2.27) 
j= i J* 



where 



F(z) :=jV(H)(l-z)+Fi(«) 



(2.28) 



D, = Ifr * H * 13 + hSo,iH.* V ; V := {h, l 2 , ..(/, - 1), J n ) (2.29) 

|1|>1 |1|>2 

(cf. also \1.24]} ) extend to analytic functions in © e (cf. Proposition 
Moreover, if H is a vector in L^(R + ) then, for large b, Dj £ L^(R + ) and the 
functions F(z) and Dj extend to analytic functions in D e . 
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Proof. 

Noting that (Y - H)* 2 (l - z) = for e < 1/2 and z G © e the result is 
easily obtained by re-expanding jV(H + h) since Proposition EH guarantees 
the uniform convergence of the series thus obtained. The proof that D 3 G L\ 
for large 6 is very similar to the proof of ()2.18|) . The analyticity properties 
follow easily from Proposition since the series involved in A/"(H) and D,, 
converge uniformly for \z\ < e. 

□ 

Consider again the equation ()2.27|) . Let f = A — (1 — z)l, where 1 is the 
identity matrix. By construction V and B are block-diagonal, their first block 
is one-dimensional: Tn = z and Bu = (3. We write this as T = z © r c (z) 
and similarly, B = (3 © B c , where r c and B c are (n — 1) x (n — 1) matrices. 
T c (z) and T~ 1 (z) are analytic in D e . 

Lemma 20 The function Y given in Proposition can be written in the 
form 

Y (p) = (l-^- 1 a 1 (p) + a 2 (p) (/3^1) 
Y (p) = ln(l-p) ai (p) + a 2 (p) (/3 = 1) (2.30) 

/or p in the region (D e + 1) fl T> (U5 e + 1 := {1 + z : z G © e } j where a 1; a 2 
are analytic functions in 3 e + 1 and (a^- = /or j > 1. 

Proo/. 

Let Q(z) := h(s)ds. By Proposition El Q is analytic in D € n (1 — V). 
From ()2.27|) we obtain 

« rz 

(z © f c (z))Q'(z) -{13® B c )Q(z) = F(z) -J^ D i( s - z)Q'M ds ( 2 - 31 ) 
or, after integration by parts in the r.h.s. of ()2.31|) . (Dj(0) = 0, cf. (|2.29j) ). 

n rz 

(z © t c {z))Q'{z) -(/3® B c )Q(z) = F{z) + J2 B 'j( s ~ z )QA s ) ds (2-32) 

3=1 Jt 

With the notation (Qi, Qj_) := (Qi, Q2, ■■, Q n ) we write the system in the 
form 
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Q(e) = ° (2.33) 



After integration we get: 



Qtiz) = R!{z) + Ji(Q) 
Q±(z) = R±(z) + J ± (Q) (2.34) 



with 



/z _ ft 

t-^ 1 ^, Q j (s)D[ 1 (t - s)dsdt 

3=1 Je 

J ± (Q)(z) := e"^ J' entity 1 (j^ J' Di(a - ^(s)^ eft 
R_l(z) : = e -^W J\ d ^t c (t)- l Y ± (t)dt 

R x {z) = z p J r^F^dt ((3 ± 1) 

fl lW = F l( 0) + ft(0),ln, + , jf* fiW-fiW-^Wj, (/3 = 1} 

(2.35) 

Consider the following space of functions: 

7(5 = |Q analytic in D e n (Z> - 1) : Q = z p A{z) +B(z) } for (3 ^ 1 and 
Ti = |Q analytic in D e n (£> - 1) : Q = zlnzA(z) + B(z)\ (2.36) 

where A, B are analytic in D £ . (The decomposition of Q in ()2.36|) is unam- 
biguous since z^ and zlnz are not meromorphic in O e .) 
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The norm 



IIQH = sup {|A(s)| A> \B(z)\ A : z G © e } (2.37) 
makes 7g a Banach space. 

For A(z) analytic in D e the following elementary identities are useful in what 
follows: 



J A(s)s r ds = Const + z r+1 J 



A(zt)t r dt = Const + z r+1 Analytic(z) 



• 1 rl 



s r lnsA(s)ds = z r+1 lnz / A(zt)t r dt + z r+l / A(zt)f InM 

is Jo Jo 

(2.38) 

where the second equality is obtained by differentiating with respect to r the 
first equality. 

Using ()2.38|) it is straightforward to check that the r.h.s. of (12.34)1 extends 
to a linear inhomogeneous operator on Tp with image in 7g and that the norm 
of J is 0(e) for small e. For instance, one of the terms in J for (3 = 1, 

z [ r 2 [ s\nsA(s)D'(t - s)ds = 
Jo Jo 

z 2 \nz I i oA(ztg)D' \zt — zra)dadr+ 
^ Jo Jo 

z 2 dr daa{h\T + la. a) A(zt a) D'(zt — zra) 
Jo Jo 

(2.39) 

manifestly in Tp if A is analytic in D e . Comparing with (|2.36jl . the extra 
power of z accounts for a norm 0(e) for this term. 

Therefore, in ()2.33j) (1 — J) is invertible and the solution QgT^c£ (V). 
In view of the the uniqueness of Y (cf. Proposition EJ), the rest of the proof 
of Lemma l2*Ul is immediate. 

□ 



2.4 The solutions of ( ITSHft on [0, 1 + e] 

Let Y be the solution given by Proposition take e small enough and 
denote by O e a neighborhood in C of width e of the interval [0, 1 + e]. 
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Remark 21 . Y e L x {0^). As -> ±0, Y (pe^) -> Yj^p) m ffce sense 
of I/ 1 ([0, 1 + e]) and also in the sense of pointwise convergence for p ^ 1, 
where 

Y ±._f Y (p) p<l , . 

~ \ (1 - p ± 0i)^ 1 a 1 (p) + a 2 (p) p > 1 lP ^ ' 

Y ± ._ f Y (p) p < 1 f , f , 

" \ ln(l-p±0i)a 1 (p)+a 2 (p) p>l lP ~ j 1 Uj 

Moreover, Y^ are Lj oc solutions of the convolution equation M.25\) on the 
interval [0, 1 + e] . 

The proof is immediate from Lemma EH and Proposition ED 

□ 

Proposition 22 For any A e C the combination Y A = AYj + (1 - A)Y^ 
is a solution of hi. 29$ on [0, 1 + e] . 

Proof. For p G [0, 1) U (1, 1 + e] let y A (p) := Y A - H(p). Since yf = 
the equation (jl.25|) is actually linear in y A (compare with (|2.27|0 . 

□ 

Note: We consider the application y := y i— > Y A and require that it is 
compatible with complex conjugation of functions 3^(yo*) = CV(yo))* where 
:= F(z). We get 3ft A = 1/2. It is natural to choose A = 1/2 to make 
the linear combination a true average. This choice corresponds, on [0, 1 +e], 
to the balanced averaging (J1.16)) . 



Remark 23 For any S > there is a constant C{5) such that for large b 

\\(Y b a )* 1 \\ u <C(8)8^ Vlwith\l\>l (2.41) 
(\\\\ u is taken on the interval [0, 1 + e]). 

Without loss of generality, assume that l\ > 1. Using the notation ()2.29|) . 



Y )T(s)(Y^)* 1 (p-s)ds 



< 
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Y b a Us)(Y b a f\ P -s)ds 



(YMp-s)(Y b Y\s)ds 



U2 



[2A2) 



(\\\\u 2 refers to the interval p G [0, 1/2 + e/2].) The first u 2 norm can be 
estimated directly using Corollary ITT1 whereas we majorize the second one by 



( Y o") 1 1 1 6 1 1 ( Y 0°) (^) I U 



and apply Corollary II II to it for |1| > 2 (if |1| 
is analytic on [0, 1/2 + e/2]). 



2 simply observe that (Y^)* 1 



□ 



Lemma 24 The set of all solutions of hi. 25^ in Ll oc ([0, 1 + e]) is parameter- 
ized by a complex constant C and is given by 



Y (p) = 
for P ^ 1 or, for (3 = 1, 



Y b a (p) for pe [0,1) 

Y ba (p) + C(p - lf^AGo) for p G (1, 1 + e] 



Y (p) 



Y ba (p) 



forpe [0,1) 



Y ba (p) + C(p - l)A(p) /or p e (1, 1 + e] 



^2.43) 



dl 



where A extend analytically in a neighborhood of p = 1. 

Different values of C correspond to different solutions. 

This result remains true ifYy a is replaced by any other combination Y\ := 
AY+ + (1 - A)Y - ; A G C. 

Proof. 

We look for solutions of (jl.25|) in the form 

Y ba (p) + h(p - 1) (2.44) 
By Lemma l2~Ul . h(p — 1) = for p < 1. Note that 



Af(Y ba o r _! + h)(z) = Af(Y b a )(l + + h A s ) B i(z - s ) ds ( 2 - 45 ) 
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where the are given in (|2.29|) . and by Remark 12.411 all the infinite sums 
involved are uniformly convergent. For z < e (|1.25|) translates to (compare 
with flZZfl ): 



PZ W PZ 

(1 + z)h{z) = -Ah{z) - B / h(s)cis + V / h^Bjiz - s)ds (2.46) 

Jo j=1 Jo 



Let 



Q(z) := / h(s)ds (2.47) 



o 



As we are looking for solutions h e L 1 , we have Q e AC[0, e] and Q(0) = 0. 
Following the same steps as in the proof of Lemma 1201 we get the system of 
equations: 

{z^Q x {z))' = z-P- 1 T [ Z D\ 3 {z - s)Q j (s)ds 

3=1 J ° 

n PZ 

(e d ^Q ± Y = e d ^Y c {z)- 1 V / B' ± (z - s)Q J (s)ds 
C{z) := - J" ' T^B^ds 

Q(0) = ° (2.48) 
which by integration gives 

(1 + J)Q(z) = CR(z) (2.49) 

where C G C and 

(J(Q))i(z) = z? /V^Y) f Q j {s)D' l3 {t-s)dsdt 
Jo =1 Jo 

J{Q) ± {z) :=e~ 6 W j* e^T^ty 1 J* ' B' ± {z - s)Q j {s)ds\ dt 



R, =0 



d=i 
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Rx(z) = z" 



(2.50) 



First we note the presence of an arbitrary constant C in (J2.49j) (Unlike 
in Lemma l2*Ul when the initial condition, given at z = e was determining the 
integration constant, now the initial condition Q(0) = is satisfied for all 
C). 

For small e the norm of the operator J defined on AC[0, e] is 0(e), as in 
the proof of Lemma |2TH Given C the solution of the system (|2.48j) is unique 
and can be written as 

Q = CQ ; Q := (1 + J) _1 R^0 (2.51) 

It remains to find the analytic structure of Qo- We now introduce the 
space 

T= {Q : [0,e) i-> C n : Q = z p A{z)} (2.52) 

where A(z) extends to an analytic function in D e . With the norm (|2.37j) (with 
B = 0) , T is a Banach space. As in the proof of Lemma EH the operator J 
extends naturally to T where it has a norm 0(e) for small e. It follows 
immediately that 

Qo € T (2.53) 
The formulas (j2~13|) . (J232) follow from (l2~4Hl and (|2^7jl . 

□ 

Remark 25 If Sp ^ Q (cf. Lemma Wty) then the general solution of 
is given by 

Y {p) = (1 - A)Y » + XY-(p) (2.54) 

with A G C. 

Indeed, if ai ^ (cf. Lemma l2T)|) we get at least two distinct solutions of 
(J2.49JI (i.e., two distinct values of C) by taking different values of A in ([2.54)1 . 
The remark follows from (J2.53J) ()2.52|) and Lemma l2*4l . 

□ 
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2.5 The solutions of (TTSSD on [0, oo) 

In this section we show that the leading asymptotic behavior of Y p as p — > 
1+ determines a unique solution of (jl.25|) in Ll oc (M. + ). Furthermore, any 
L\ oc solution of (jl.25|) is exponentially bounded at infinity and thus Laplace 
transformable. We also study some properties of these solutions and of their 
Laplace transforms. 

Let H be a solution of (|1.25|) on an interval [0, 1 + e], which we extend to 
M + letting H(p) = for p > 1 + e. For a large enough b, define 

Sn := {f E Lj oc ([0, oo)) : f(p) = H(p) on [0, 1 + e]} (2.55) 

and 

So := {/ e L} oc ([0, oo)) : f(p) = on [0, 1 + e]} (2.56) 

We extend H to R + by putting H(p) = for p > 1 + e; for p > 1 + e (ll.25|) 

reads: 



rp 

- p(H + h) = F - A(H + h)-B (H + h) (s)ds + W(H + h) (2.57) 
with h G iSo, or 

h = -H + ik-p)- 1 (f - B J\H + h)(s)ds + Af(H + h^J :=M{h) 

(2.58) 

For small (fi > and < p\ < p 2 < oo, consider the truncated sectors 



^ := {z : Z = pe^, Pl < p < p 2 ; < < M (2.59) 
ces of functions analytic in x and continuous in its closure: 

T± p2 = {f:fe C(%^); / analytic in S± (2.60) 



which are Banach spaces with respect to |||| u on compact subsets of S(p ltP2 y 
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Proposition 26 i) Given H ; the equation A2.5fy) has a unique solution in 
L} oc [l + e, oo). For large b, this solution is in L\(\l + e, oo)) and thus Laplace 
transformable. 

ii) Let Yo be the solution defined in Proposition® Then 

Y±(p) := lim Yo(pe^) G C(M + \{1}) PI Lj oc (R + ) (2-61) 
<p— >±u 

(and the limit exists pointwise on and in Ll 0C ($L + ).) 

Furthermore, are particular solutions of HI. 2d]) and 



Y±(p) = ln(l-p)a ± (p) + af(p) {fl = 1) (2.62) 

where and af are m 7^ . 
Proo/ 

Note first that by Proposition [T31 «M (eq. (|2.58j) ) is well defined on So, 
(eq. ([2.56)l ). Moreover, since H is a solution of (jl.25J) on [0, 1 + e), we have, 
for h G <So, .M(h) = a.e. on [0, 1 + e), i.e., 

M{S )cSo 

Remark 27 For large b, M. is a contraction in a small neighborhood of the 
origin in || 

Indeed, sup{||(A — p)~ 1 ||c n i- > c n : p > 1 + e} = 0(e _1 ) so that 

\\M{h x ) - M(h 2 )\\ u , b < ^^\\M(f + h) - Af(f)\\u,b (2.63) 

e 

The rest follows from (j2.18|) — Proposition 1131 and Remark [TU1 applied to H. 

□ 

The existence of a solution of ()2.58|) in S fl £&([0, oo)) for large enough b 
is now immediate. 

Uniqueness in L\ oc is tantamount to uniqueness in L 1 ([l+e, K]) = L^([l + 
e,K], for all K — 1 — e e M + . Now, assuming .M had two fixed points in 
L\(\l + e,K]), by Remark fTTJl we can choose b large enough so that these 
solutions have arbitrarily small norm, in contradiction with Remark [2~71 
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ii). For p < 1, Yq (p) = Y (p). For p G (1, 1 + e) the result follows from 
Lemma 1201 Noting that (in view of the estimate (|215jl ) A^(T* l+e,oo) C 
'?' ± i+e,oo, the rest of the proof follows from the Remark 1271 and Lemma I2*U1 

□ 

PROPOSITION 28 There is a one parameter family of solutions of equation 
m.2ty) in Lj oc [0, oo), branching off at p = 1 and in a neighborhood of p = 1 
all solutions are of the form \2.J^'J( ). The general solution of M.25)) 

is Laplace transformable for large h and the Laplace transform is a solution 
of the original differential equation in the half-space 3?(x) > b. 

Note: As of now, the correspondence ()2.43|) . (j2.43t ) with the balanced 
average is proven only near p — 1; the complete correspondence is 

established in Section I2~7I 

Proof. 

Let Y be any solution of (jl.25|) . By Lemma 12*41 and Proposition l2*o1 b 
large implies that Y e Ll([0, oo)) (thus CY exists), that ||Y||b is small and, 
in particular, that the sum defining M in (|1.22|) is convergent in Z^(IR + ). 

By Remark |SJ 



\|1|>1 |1|>2 / 

^(rGO^Y) 1 ^) + BW (^Y)' = E &(x)y\x) = g(x,y(x)) 

|1|>1 |1|>2 |1|>1 

(2.64) 

(and g(x,y(x)) is analytic for dt(x) > b). The rest is straightforward. 

□ 

2.6 Correspondence with formal solutions 

Finally we consider formal solutions for large argument of the differential 
equation, in the differential algebra generated by formal power series (in 
decreasing powers of the large variable) and (decreasing) exponentials, i.e. 
solutions as formal asymptotic expansions. The theory of formal solutions is 
classical ([12], M [IH]); see a l so f° r a vas ^ an d very interesting generaliza- 
tion. We only sketch the facts that are relevant to us. 
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The simplest formal solution of is an asymptotic series yo- 

oo 

Eyo,m 

m=2 X 

In view of the invertibility of A, the coefficients {yo,m}meN C C" can be 
determined uniquely by expanding in (jl.lj) in powers of 1/x and equating 
the coefficients of the x~ m ,m > 2. The series yo is generically divergent. 

Since we expect an n — parameter family of solutions, we look for further 
solutions as perturbations of y . Because of the uniqueness of y a pertur- 
bation must be smaller than all powers of x _1 i.e., "beyond all orders" of 
Yo- 

Taking y = y + yi we get, to the lowest order of approximation, y'i = 
— Ayi. The solutions to this approximate equation are linear combinations 
of e~ Xx , A GspecA. We only consider solutions yi that are (formally) small 
perturbations of yo in the half-plane 9ft(x) > 0; this condition selects out the 
eigenvalue A = 1. 

Continuing the perturbative procedure until we reach a formal solution 
of (jl.ljl . we end up with an exponential series 

oo 

y = yo + $>- fea; y fc (2.65) 

k=l 

where y^ are formal power series. Substituting (|2.65j) into (jl.lj) and using 
the fact that yo is already a formal solution we get for y^, k > 1: 



-kx 



f k - ( k-A- -B + dg(x,y ) )y k 



k=l 



|i[>i 



rOQ 



,fe=l 



k=2 |1|>1 



Sm— i=l j=l 



[2.66) 



Equating the coefficients of e hx , k > we get the system (jl.5J) . 
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By assumption, A— 1 has a one- dimensional null-space. Thus, by (jl.5|) . yi 
has the freedom of an arbitrary multiplicative constant. We make a definite 
choice of yi by requiring that the first component of the coefficient of the 
leading power of x is one. 

Still by assumption, for k ^ 1 A — k is invertible, so that, taking C = 1, 
all fki k — 1) are uniquely determined. Letting C be arbitrary we get instead 
Cyi for k = 1, C 2 y 2 for k = 2 (because of the condition J^m = 2), etc, so 
that the general formal solution of type (|2.65|) is 

oo 
k=l 

The existence of formal exponential solutions has been considered in [TJ] , 
jH], [IS] and a very comprehensive theory can be found in Ecalle [T], [2], 

The following proposition is a classical result and is a specialization of 
general theorems (see [13J). 

Proposition 29 There is exactly a one parameter family of solutions of 
M.l)) having the asymptotic behavior described by yo in the half-plane 3?(x) > 
0. 

Proof. Any solution with the properties stated in Proposition EUlis inverse 
Laplace transformable and its inverse Laplace transform has to be one of the 
L\ oc solutions of the convolution equation (|1.25|) . The rest of the proof follows 
from Proposition 1281 

□ 

PROPOSITION 30 Let Y be any L, 1 oc (R + ) solution of \1.2b)) . For large b and 
some v > the coefficients d m in \1.2T\ l are bounded by 

|d m (p)| A <e^ m l 

Note that ^^ 1 (g^ m ^(x, y)/m!) is the coefficient of Z* m in the expansion 
of jV(Y + Z) in convolution powers of Z ()1.22j) : 



Jl|>2 



|1|>1 
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r*(I-k) 



|1|>2 |1|>1 J 0<k<l V 7 

Ego..-+EG.*)EC 1 ) G .* Y * (, - m) < 2fi7 ) 



|1|>2 |1|>1 / l>m 



(m is fixed) where 1 > m means U > rrii,i = l..n and (,) := Y17=i (&•)• 

Let e be small and b large so that ||Y||& < e. Then, for some constant K, 
estimate (cf. (|2~T|) ) 

E «»,. ■ + E G '*) Q G ' * y - """" £ E « "" m| (») = 

(where I (I I) = {|1| > 1(2); 1 > m}) for large enough v. 

□ 

For k — 1, Ri = and equation (|1.27|) is ()2.46|) (with p <-> z) but now 
on the whole line M + . For small z the solution is given by (j2.51|) (note that 
D 1 = d( 1)0 ,..,o) and so on) and depends on the free constant C (|2.51|) . We 
choose a value for C (the values of Yj on [0, e] are then determined) and we 
write the equation of Y 1 for p > e: 

Y 1 (s)ds-J2 (Y 1 ) j (s)T> j (p-s)ds = 

3=1 Je 

R(p) := / Y 1 (s)rfs + V / (YO^sp^fr - s)ds (2.69) 

(R only depends on the values of Yi(p) on [0, e]). We write 

(1 + J 1 )Y 1 = Qr'R (2-70) 
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with Qi = 1 — A +p. The operator Ji is defined by ( JiYi){j>) := for p < e, 
while, for p > e, 

(JiY0(p) :=gr' J\ 1 (s)ds-f^J\Y 1 ) j (s)B j (p-s)ds 

By Proposition^ (j2H3) and Remark ITU1 noting that sup p>e HQ^H = O^ 1 ), 
b we find that (1 + J±) is invertible as an operator in L\ since: 

L i^ L i < suplig^ 1 !! (||S||||l|| 6 + n max ||Dj|U -> as 6 -> oo (2.71) 

Given C, Yi is therefore uniquely determined from ()2.70|) as an L£(R + ) 
function. 

The analytic structure of Yi for small z is contained in in (|2.43j) . (|2.43f ). 
As a result, 

^(YO^-cf^^Sa* (2.72) 



x" 

fc=0 



where 2^fcLo afe2;fe * s t ne sei "i es °f a ( z ) near 2 = 0. 
Correspondingly, we write (jl.27|) as 

(1 + J fc )Y fc = Q^R k (2.73) 
with Qfc := (—A + p + k) and 

(J fc h)(p) ^g, 1 ^5 J\(s)ds- y pJ\ j (s)B j (p-s)d?j (2.74) 

||J fc |Ui^a <sup||g fe - 1 || (||£||||l|| b + nmax HDJ^ (2.75) 
Since sup p>0 Hg^ 1 ]] — > as k — > oo we have 

supl ||Jfc|| L i^ L i i ^ as 6 ^ oo (2.76) 

k>l b bj 

Thus, 



34 



Proposition 31 For large b, (1 + Jk),k > 1 are simultaneously invertible 
in L\, (cf. \2. 7b\ ). For specified Y and C , Y k , k > 1 are uniquely determined 
and moreover, for k > 2, 

\[Yk\\b < z P ~° I, T fc |i ll^fcllfc := -^l|Rfe||f) (2.77) 

□ 

(Note: As we will see later, there only is a one-parameter freedom in Y^: 
a change in Y can be compensated by a corresponding change in C.) 

Because of condition m = k in the definition of Rk, we get, by an easy 
induction, the homogeneity relation with respect to the free constant C, 

Y [C) = G k Y [c=i] = . c k Yk ( 2J8 j 

Proposition 32 For any 5 > there is a large enough b, so that 

\\Y k \\ b <6 k , k = 0,1, .. (2.79) 
Each Y k is Laplace transformable and y k = £(Y k ) solve 
Proof 

We first show inductively that the Y k are bounded. Choose r small 
enough and b large so that ||Yq||& < r. Note that in the expression of H k , 
only Yj with i < k appear. We show by induction that ||Yk||& < r for all k. 
Using (|2.77|) . (jl.27j) the explanation to (jl.5|) and Proposition EH we get 



\\Y k \\ b <K\\R k \\ b <J2^ lrk E ^^feftV J <(r(l + fi) n ) k <r 

|1|>1 Sm=fe \l>l ^ ' J 

(2.80) 

if r is small which completes this induction step. But now if we look again 
at ()2.80|) we see that in fact ||Yjfe||& < {r{l + ji) n ) k . Choosing r small enough, 
(and to that end, b large enough) the first part of Proposition E21 follows. 
Laplace transformability as well as the fact that solve f)1.5j) follow imme- 
diately from (J2.79|) (observe again that, given k, there are only finitely many 
terms in the sum in H k ). 

□ 

Therefore, 
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Remark 33 The series 

oo 

Y,C k {Y k -H)or k (2.81) 

k=0 

is convergent in L\ for large b and thus the sum is Laplace transformable. 
By Remark^ and Proposition \2. 79{ 

(oo \ oo 

Y,C k (Y k H)or k (x) = Y,e' kx C(Y k )(x) (2.82) 
k=0 J k=0 

is uniformly convergent for large x (together with its derivatives with respect 
to x). Thus (by its formal construction) \2. 82]) is a solution of 

□ 

(Alternatively, we could have checked in a straightforward way that the 
series (I2.81J) . truncated to order N is a solution of the convolution equation 
(I1.25J1 on the interval]? £ [0, N) and in view of the L^(M + ) (or even L\ oc ) con- 
vergence it has to be one of the general solutions of the convolution equation 
and therefore provide a solution to (jl.lj) .) 

Proof of Proposition Q, ii) 

We now show (jl.l3|) . This is done from the system ()1.27|) by induction on 
k. For k = and k = 1 the result follows from Proposition El and Proposition 
0T1 For the induction step we consider the operator J k (I2.74|) on the space 

% = {Q : [0,e) i ► C : Q(*) = z^A^z)} (2.83) 

where extends as an analytic function in a neighborhood D e of z = 0. 
Endowed with the norm 

HQlk := sup \A k (z)\ A 

T k is a Banach space. 

Remark 34 For k £ N the operators J k in \2. 74\ ) extend continuously to T k 
and their norm is 0(e). The functions R^, k £ N (cf. \2. 7$ , \1.27\f ), belong 
to T k . Thus for k £ N, Y k £ T k . 
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If A, B are analytic then for z < e 



dss kf5 - l A(s)B(z-s) = z kt5 [ dtf A(zt)B(z(l - 1)) (2.84) 

Jo 

is in 7t with norm 0(e) and the assertion about follows easily. Therefore 
Y k e 7k if R fc G T k . We prove both these properties by induction and (by 
the homogeneity of and the fact that depends only on Y m , m < fc)this 
amounts to checking that if Y m G T m and Y n G T n then 

Y m * Y n G T m +n 
This follows from the identity 



/ dss r A(s)(z-s) q B(z-s) = z r+q+1 f dtt r (l-t) q A(zt)B(z - zt) 
Jo Jo 

□ 

It is now easy to see that C^Bfk ~ yfc (cf. Theorem^. Indeed, note 
that in view of Remark IMl and Proposition E21 £(Yfc) have asymptotic power 
series that can be differentiated for large x in the positive half plane. Since 
£(Yfe) are true solutions of the system (|1.5jl their asymptotic series are formal 
solutions of (jl.5j) and by the uniqueness of the formal solution of once 
C is given, the property follows. 

In the next subsection, we prove that the general solution of the sys- 
tem (|1.5J) can be obtained by means of Borel transform of formal series and 
analytic continuation. 

We define Y + to be the function defined in Proposition EEl extended in 
V n C + by the unique solution of (jl.25|) Y provided by Proposition El (We 
define Y~ correspondingly.) 

By Proposition n) Y± are solutions of lOSI) on [0, oo) (cf. IjZfflty ). 
By Lemma |2U any solution on [0, oo) can be obtained from, say, Y + by 
choosing C and then solving uniquely (|2.58|) on [1 + e, oo) (Proposition |2SJ). 
We now show that the solutions of ()2.70|) . ()2.73|) are continuous boundary 
values of functions analytic in a region bounded by R + . 

Remark 35 The function D(s) defined in \2.29\i by substituting H = Y^, 
zs m %% (ef. WW)- 
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By Proposition |2HJ H) it is easy to check that if H is any function in T^ A 
then Y + * Q G Tq~a- Thus, with H = Y + , 11 the terms in the infinite sum 
in ()2.29|) are in T^ A . For fixed A > 0, taking b large enough, the norm p& of 
Y + in L\ can be made arbitrarily small uniformly in all rays in Sq A ()2.60|) 
(Proposition |2HJ). Then by Corollary ITT1 and Proposition 1261 ii) . the uniform 
norm of each term in the series (|2.29|) can be estimated by Const pj) 
and thus the series converges uniformly in T + o j0 o, for large b. 

□ 



Lemma 36 i) The system \1.27\) with Y = Y + (or Y ) and given C (say 



C = 1) has a unique solution in L* 0C (]R + ), namely Y£, (Y^, resp.), k G N. 
Furthermore, for large b and all k, Y~£ G 7^ (Y^ G (cf. \2.6Q\) ). 

ii) The general solution of the equation hi. 2 5) in L] oc (§L + ) can be written 
in either of the forms: 



k=l 

oo 

Y- + J2C k (Y-.H)oT k (2.85) 

k=l 

Proof. 

i) The first part follows from the same arguments as Proposition 
For the last statement it is easy to see (cf. (|2.84jl ) that JkT^oo c 
and by Proposition |2Ji| the inequalities (|2.75j). (|2.76j) hold for || \\r , A ^r , A 
arbitrary) replacing || lU^Li- 

ii) We already know that Y + solves (|1.27J) for k = 0. For k > by i) 
C k Yk G 7o )0 o and so, by continuity, the boundary values of Y^ on R + solve 
the system (jl.27j) on IR + in L] oc . The rest of ii) follows from Lemma 
Proposition |2"B1 and the arbitrariness of C in ()2.85|) (cf. also (|2.51|) . 

□, . 



2.7 Analytic structure and averaging 

Having the general structure of the solutions of (jl.25j) given in Proposition 
El and in Lemma EE1 we can obtain various analytic identities. The function 
Y^ := Y ± has been defined in the previous section. 
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Proposition 37 For m>0, 

Y" = Y+ + E ( m + k ) S*(Yi +k .H)or k (2.86) 
k=i ^ ' 

Proof. 

Yq(p) is a particular solution of (jl.25|) . It follows from Lemma 13*61 that 
the following identity holds on M + : 

oo 

Y - = Y + + E • «) ° n (2.87) 

k=l 

since, by (fO! - ]) and ("TT2"!). (12~%7|) holds for p G (0, 2). 

By Lemma "3*51 for any C + there is a C_ such that 



Y o + + E W • W) ° -Tb = Y " + E (Yfc -H) or k (2.88) 

fe=i fc=i 

To find the relation C + and C_ we take p G (1,2); we get, comparing with 
f*2~8*7jl : 



Y+(p) + C+Y^p - 1) = Y-(p) + C_Y x (p -l)=>C + = C. + Sp (2.89) 
whence, for any C G C, 

oo oo 

Y + + + ^) fc (Y fe + • W) o Tk = Y " + E ^(Y fc ■ W) o r k (2.90) 

it=i fe=i 

Differentiating m times w.r. to C and taking C = we get 



from which we obtain (|2.86|) by rearranging the terms and applying r_ m . 

□ 



Proposition 38 The functions Y k , k>0, are analytic in TZ\ 
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Proof. 

Starting with (|2.87|) . if we take p6 (1, 2) and obtain: 

Y (p) = Y + (p) + ^Y 1 (p-l) (2.91) 

By Proposition and Lemma 131)1 the l.h.s of ()2.9H) is analytic in a lower 
half plane neighborhood of (e, 1 — e), (Ve G (0,1)) and continuous in the 
closure of such a neighborhood. The r.h.s. is analytic in an upper half plane 
neighborhood of (e, 1 — e), (Ve G (0, 1)) and continuous in the closure of such 
a neighborhood. Thus, Yq(p) can be analytically continued along a path 
crossing the interval (1,2) from below, i.e., Yq~ + exists and is analytic. 

Now, in (JHZJ), let p G (2,3): 

SlY 2 (p - 2) = Y (p)" - Y(p)+ - SpY^p - 1)+ = 

Y (p)- - Y (p) + - Y (p)-+ + Y (p)+ = Y (p)- - Y (p)- + (2.92) 

and, in general, taking p G (A;, + 1) we get 

S*Y k (p -k) = Y (p)- - Y (p)-" 1+ (2.93) 

Using (|2.93j) inductively, the same arguments that we used for p G (0, 1) show 
that Yq (p) can be continued analytically in the upper half plane. Thus, we 
have 

Remark 39 The function Y is analytic in 1Z\. In fact, for p G + 1), 
k G N, 

Y - 3 +(p) = Y + (p) + ^ 5*Y+(p - fc)W(p - fc) (2.94) 
fe=i 

The relation (j2~M|l follows from ff^TTTT^l and (j2~H7jl . 

Note: Unlike ()2.87jl . in ()2.94j) the sum contains a finite number of terms. 
For instance we have: 

Y -+(j9) = Y+(p) + H{p - l)Y+(p - 1). (Vp G R + ) (2.95) 

The analyticity of Y m , m > 1 is shown inductively on m, using (|2.86j) 
and following exactly the same course of proof as for k = 0. 

□ 
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Remark 40 If Sp = then Y k are analytic in Wi U N. 
Indeed, this follows from ()2.87|) ()2.86|) and Lemma IHol i) 

□ 

On the other hand, if Sp 7^ 0, then all Y& are analytic continuations of 
the Borel transform of yo (cf. (I2.92jl ). This is an instance of the so-called 
resurgence. 

Moreover, we can now calculate Yq". By definition, (see the discussion before 
Remark [221) on the interval (0,2), 

K = \(Yt + Y ~) = Y+ + I^(Y! H) o n (2.96) 

Now we are looking for a solution of (|1.25|) which satisfies the condition 
f!2.96|) . By comparing with Lemma EH which gives the general form of the 
solutions of (jl.25|) . we get, now on the whole positive axis, 

00 1 

n a = y + + J2 Y^ Y+kU) ° Tk (on M+) (2 - 97) 

k=l 

which we can rewrite using (|2.93|) : 

n = Y o+J2^ ( Y o~* - & 'n.) ( 2 - 98 ) 

k=l 

Proposition 41 Let yi(p),y2(p) be analytic in TZ\, and such that for any 
path 7 = 1 1— ► t exj)(i(p(t)) in TZ\, 

\yMt))\ < f 7 (t) E Lj oc (R + ) (2-99) 
Assume further that for some large enough b, M and any path 7 in Tt\: 

yi, 2 \(s)e- blsl \ds\ < M (2.100) 

Then the analytic continuation AC^{y\ * y 2 ) along a path 7 in 1Z\, of their 
convolution product y\ * y% ( defined for small p by M.2(^l ) exists, is locally 
integrable and satisfies \2.99jl and, for the same b and some '-/-independent 
M' > 0, 

Vi * y2\(s)e~ blsl \ds\ < M' (2.101) 
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Proof. 
Since 



22/i *V2 = {yi + V2) * {yi + 2/2) - J/i * 2/1 - 2/2 * 2/2 (2.102) 
it is enough to take y\ — yi — y- For p G IR + \N we write: 

00 

t/-=t/ + + ^(W-t/+)or fe (2.103) 
fc=i 

The functions y^ are defined inductively (the superscripts "+,(-)" mean, as 

before, the analytic continuations in TZi going below(above) the real axis). 
In the same way ()2.93|) was obtained we get by induction: 

y k = (y- -y- k ~ 1+ )oT_ k (2.104) 

where the equality holds on M + \N and +, — mean the upper and lower con- 
tinuations. For any p only finitely many terms in the sum in ()2.103|) are 
nonzero. The sum is also convergent in (by dominated convergence; note 
that, by assumption, the functions y •• _± belong to the same L\). 
If t i— > j(t) in IZi, is a straight line, other than M + , then: 

AC y ((y * y)) = AC^y) * 7 AC y (y) if arg( 7 (t))=const^ (2.105) 

(Since y is analytic along such a line). The notation * 7 means (|1.2U|) with 
P = l(t). 

Note though that, suggestive as it might be, (|2.105|) is incorrect if the 
condition stated there is not satisfied and 7 is a path that crosses the real 
line (see the Appendix, Section fA.2|) ! 

We get from (12 .1 0511 . (I2.1()3jl (see also (TOj) . in the Appendix): 



k 



{y*y) =y *y = y + * y + + I n y ™ * y k-m j OT k = 

k=l \ m=0 J 

00 / k \ 

(y * y) + + \ n Z) (y™ * Tk ( 2 - 106 ) 



k=l \ m=0 



and now the analyticity of y * y in TZi follows: on the interval p G (m, m + 1) 
we have from (J2. 104)1 



42 



3 k 

(y * yy 3 (p) = (y * y)'{p) = (y*Y(p) +J2 E ^ * y*-™) + (p - *) (2.107) 

fe=l m=0 

Again, formula ()2.107|) is useful for analytically continuing (y * y)~ along 
a path as the one depicted in Fig.l. By dominated convergence, (y * y)^ G 
Tjoo), 1H|. By (|2.1t)4l) . y m are analytic in 7^ := n {p : 3(p) > 0} and 
thus by (j2.105|) the r.h.s. of (j2.107|) can be continued analytically in 1Z\ . 
The same is then true for (y * y)~. The function (y * y) can be extended 
analytically along paths that cross the real line from below. Likewise, (y*y) + 
can be continued analytically in the lower half plane so that (y*y) is analytic 
in TZ\. 

Combining ()2.107|) . (j2.105|) and (j2.102|) we get a similar formula for the 
analytic continuation of the convolution product of two functions, /, g satis- 
fying the assumptions of Proposition |^ 

(/ * g)- i+ = f + *g + + J2[ n T,f™* 9tn) ° n (2.108) 

k=l \ m=0 / 

Note that ()2.108|) corresponds to f)2. 103|) and in those notations we have: 

k 

(f*9) k = Y,f m *9k-m (2.109) 

m=0 

Integrability as well as (I2.1()l|) follow from (12. 1041) . (I2.1()7|) and RemarkU 
By jnSJ and gH , 

y ba = y + + J2^ {y " n)oTk 
k=i 

so that (see (TOjl ) 

2/ fea *2/ 6a = (2/ + +E^(^ o ^)(^ +o ^)) = 

fc=l 
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oo ^ k 

V + * V + + Y1 ^k H ° Tk ^2(Vm ° T m) * (Vk-m ° T k-m) ° Tfc = 
k=l m=0 
oo _ k 

k=l m=0 

To finish the proof of Theorem El note that on any finite interval the sum 
in (|1.16J) has only a finite number of terms and by (j2.110j) balanced averaging 
commutes with any finite sum of the type 

c *i.-fc»/fci * •• * fkn (2-111) 

and then, by continuity, with any sum of the form (|2.111j) . with a finite or 
infinite number of terms, provided it converges in L\ oc . Averaging thus com- 
mutes with all the operations involved in the equations (J2.73|) . By uniqueness 
therefore, if Yo = Y ba then Y& = Y£ a for all k. Preservation of reality is im- 
mediate since (|1.25|) . ()1.27|) are real if (jl.ljl is real, therefore Yq" is real- valued 
on M + \N (since it is real-valued on [0, 1) U (1, 2)) and so are, inductively, all 
Y k . 
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A Appendix 

A.l Example of non- typical behavior 

Consider the equation 

ZX x lx A 
The general solution of this equation is given by 
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We see that the asymptotic series of / for x — > oo, 3?(x) > 0, yo = \ jx. The 
inverse Laplace transform of / is 

C- 1 f = p+-£=H(l-p) (A.3) 

Vp- 1 

i) The Stokes constant is zero and Y = £>(yo) = p is entire. 

ii) All combinations AYj + (1 — A)Yq~ coincide. Therefore ()1.3U|) does 
not hold. 

Equation (jA.l|) is exceptional, in the sense that the properties i), ii) above 
do not withstand a small perturbation. Indeed, for the equation 

^ ^ 2x ^ x 2x 2 ^ 

we have <6(yo) = 2e + p + e(l — p) -1 / 2 and the inverse Laplace transform of 
the general solution is 

1( ] = ( 2e + p + e{l-p)- 1/2 forp<l 
[J) \ 2e+p + C(p- l)- 1 / 2 forj9>l 

A.2 AC(/ * 5/) versus AC(f) * ACfe) 

Typically, the analytic continuation along curve in Wi which is not homo- 
topic to a straight line will not commute with convolution. For example, in 
equation (jA.4|) . £>(y )~ + * £>(yo)~ + 7^ [^(yo) * £>(yo)]~ + j as it can be seen 
from Remark 021 below (or by direct calculation). This situation is generic: 

Remark 42 Let y be a function satisfying the conditions stated in Proposi- 
tion "Jl and assume that p = 1 is a branch point of y. Then, 

(y*y)-+^y-+*y-+ (A.5) 



Proof 

Indeed, by (l2~TU%j) and (|2~TUD 



(y * y) + = y + *y + + 2[(y + * yt)H) on^y + * y + = 
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[y + + (Hyt) o n]* 2 = y + *y + + 2{{y + * y+)W] o r x + [W(y+ * o r 2 

(A.6) 

since in view of ()2.104|) . in our assumptions, y\ ^ and thus yi* yi ^ 0. 

□ 

There is also the following intuitive reasoning leading to the same con- 
clusion. For a generic system of the form (jl.lj) - ()1.3|) . p = 1 is a branch point 

of Yo and so Yq ^ Yq~ + . On the other hand, if AC |_ commuted with 

convolution, then £(Y + ) would provide a solution of 1)1.1)1 . By Lemma I3TH 
£(Yq) is a different solution (since Yq ^ Yq~ + ). As Yq" and Yq + coin- 
cide up to p = 2 we have £(Yq~ + ) — £(Y ) = 0{er 2x x vower ) for x — > +oo. 
By Theorem |21 however, no two solutions of (jl.l)) - (jl.3j) can differ by less 
than e - x x power without actually being equal (also, heuristically, this can be 
checked using formal perturbation theory), contradiction. 



A. 3 Useful formulas 



S(-L) = or £( P ») = (A.7) 
V ; Y(n) KF ' x n+1 



T(q + r + 2) 

with /i )2 (p) := p i-> ft(p - ki j2 )gi t2 (p - fe li2 ) we have 

(/i * / 2 ) (p) = W(p - fci - k 2 ) (g x * g 2 ) (p-h- k 2 ) (A.9) 
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